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ABSTRACT: We consider the anomalous dimension of the fermionic highest states Tr ¢ in
the su(1]1) sector of N’ =4 SYM at strong coupling. In the thermodynamical L — oo limit
it is described by a BES-like integral equation recently proposed by Rej, Staudacher and
Zieme. The strong coupling regime of this equation is analyzed numerically and analytically
by Neumann expansion methods which have been developed for the s[(2) sector. We
compute analytically the first two terms of the strong coupling expansion and present
numerical results for the next correction. We illustrate various specific features valid for
the su(1]1) sector. In particular, at next-to-leading order, we find and solve a singular
integral equation describing the scaling continuum limit of the Neumann coefficients.
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1. Introduction

The planar maximally supersymmetric N' = 4 SYM theory has an intriguing integrability
governing the renormalization mixing of its composite operators []-f]. The associated
integrable Hamiltonian is the dilatation generator of psu(2,2]4) whose eigenvalues are the
scaling dimensions. By AdS/CFT duality [{]-[], its integrability properties are related to
that of those of the dual type IIB superstring on AdSs x S° [f].

All order Bethe Ansatz equations connecting the two sides of the correspondence have
been proposed in [§. It is well known that these equations are asymptotic. The weak cou-
pling perturbative expansion of anomalous dimensions is correct up to a certain wrapping



order depending on the length L of the operator that one is considering. In the thermo-
dynamical limit . — oo it is reasonable to assume that wrapping does not occur and it
is possible to derive integral equations [}, [[4] describing exactly the flow of anomalous
dimensions from weak to strong gauge coupling g defined as

A

2

-~ 1.1
9 =15 (1.1)

where A is the 't Hooft planar coupling.

The Bethe equations describe integrable elastic scattering of internal elementary exci-
tations in terms of 2 — 2 processes governed by a specific S-matrix [[§]. The S-matrix is
partially determined by psu(2,2[4) symmetry [[§] which completely fixes it up to a scalar
factor, the dressing phase. It must obey the crossing relation of [[3]. The strong coupling
expansion of the dressing phase can be matched to string theory calculations leading to the
AFS leading approximation [[[J, and to the next-to-leading correction [[[I]. The crucial
results of ] allowed to obtain the current complete form of the dressing phase proposed
by Beisert, Eden, and Staudacher (BES) [H].

The BES dressing factor is a clever analytical continuation of the known information
on the string side of AdS/CFT down to the weak coupling regime. If correct, it permits
in principle to extract the perturbative weak-strong coupling expansions on the two sides
from the analysis of the Bethe Ansatz equations bypassing the painful high-order standard
diagrammatic expansions.

Recently, the BES formulation has been hardly tested looking at twist operators in
the sl(2) subsector of N'=4 SYM. For these operators, one can consider the large spin N
behavior of the quantum anomalous dimension [[[7, [[§]

An(g) = f(g) log N + O(N"). (1.2)

The so-called scaling function f(g) is related to the cusp anomalous dimension introduced
in [I9, Rd] and related to the universal soft gauge boson emission. It is known up to three
loops in the gauge theory [RI]. At four loops, it is known numerically with high preci-
sion [PJ]. These results are in full agreement with the BES Bethe Ansatz calculation [§].
Remarkably, the weak coupling expansion of the BES integral equation can be extended
to high orders with minor effort.

At strong coupling, the expansion of the scaling function can be performed on the

string side and the calculations of [23] leads to the expression

flo) =49 - B2 - o (13)

where K is Catalan’s constant. We write the explicit form of this strong coupling expansion
to emphasize that it appears to be an expansion in integer inverse powers of g.
Surprisingly, the analytic derivation of this expansion is rather non-trivial for reasons
explained in [@] A direct numerical analysis of the BES equation has been proposed
in [Rg] and led to a clear numerical approximation of the first three coefficient of the strong
coupling expansion in agreement with eq. ([.3). The analytical derivation of the first



coefficient has been performed in [2f, P starting from the BES equation. The analysis is
greatly simplified if the BES dressing phase is replaced by its leading strong coupling term,
the AFS phase [2§]. Honestly, this is not totally satisfactory since the main concern about
the BES phase is its correct analytic continuation from weak to strong coupling and one
would like to recover the AFS phase back from the BES phase. A solution to this technical
problem has been proposed in the paper [P4] which also deals with the other rank-1 su(2)
and su(1|1) closed subsectors.

If the aim is that of deriving the expansion of eq. ([.J) by efficient integrability tech-
niques, then these investigations definitely suggested to analyze the strong coupling expan-
sion using the string Bethe equations leaving aside the BES equation. This approach was
successfully adopted in [29] where the next-to-leading coefficient in eq. ([.3) was computed.
The same result has also been obtained in [B(] in the framework of the Baxter equation.

However, quite surprisingly, this intriguing story is now basically concluded by going
back to the BES formulation. In the beautiful paper [B1], Basso and Korchemsky showed
that the full strong coupling expansion of the scaling function can be recovered by an
improved analysis of the BES equation. The new ingredient are crucial scaling assump-
tions inspired by the numerical solution obtained by the methods of []. Recently these
assumptions have been put on rigorous footings in [BJ].

Given this rather rich landscape of methods and results, we believe that it would be
interesting to adopt the same viewpoint in the case of other sectors of N'= 4 SYM. Here,
we consider the su(1[1) sector (see [f] for its near pp-wave spectrum) and its maximally
excited states of the form

Or = Tryk, (1.4)

where 1 is a gaugino component. These operators are eigenstates of the dilatation operator
for each length (odd) L. The specific problem of deriving the strong coupling expansion of
their anomalous dimensions Ay, has been treated in some details in [B3]. One motivation of
this study was to understand if the Gubser-Klebanov-Polyakov A ~ A4 law (GKP) [B4]
is correct for these operators. A numerical and analytical analysis of the string Bethe
equations with AFS dressing [B7 (confirmed by the later calculation of [P4]) proved that
the GKP law is correct and led to the prediction
Ap 1

Ii - ya, ... — /9 1.
Jim — \/5/\ + Tg+ (1.5)

The same result has also been obtained in [B§ using the light-cone Bethe equations pro-
posed in [BY in the general case and in [Bf] for the su(1]1) sector.

These methods could not go beyond the leading term for various technical reasons.
The only result at next-to-leading order is reported in [B@]. An analysis of the quantum
string Bethe Ansatz equations and of a su(1|1) truncation of the AdSs x S° superstring in
the uniform light-cone gauge consistently gives the quantum anomalous dimension

o Ap 1y 3 —1/4
LIE)I;OL —\/5)\ 2+(’)()\ )- (1.6)

Remarkably, the next-to-leading correction exactly cancels the classical contribution to the
scaling dimension.



Hence, an interesting question is that of recovering and possibly improve the above
prediction starting from the BES integral equation describing this sector and derived in [[L4].
A first approach in this direction is the work [BY] which however does not include the
dressing effects in the strong coupling analysis. In this paper, we mimic the s[(2) analysis
and test the direct methods of R and [Pf to see if they are able to provide further
information of the next-to-leading terms as well as the functional form of the Bethe roots
distribution. In particular, we want to understand which is the origin of the A ~ Al/4
scaling compared to the A ~ v/ regime which characterizes the sl(2) sector. We believe
that this first step is mandatory if we want to apply the powerful all-order methods of [B1]
and [BJ] to this sector.

The detailed plan of the paper is the following. In section f] we recall the BES equation
for the highest states in the su(1|1) sector in the thermodynamical limit. In section B
we derive a linear problem for the coefficient of the Neumann expansion of the solution
of the BES equation. In section ] we present a NLO approximation of the exact linear
problem. Section [] is devoted to our numerical study of the exact and NLO linear problems.
Finally, section [ is devoted to the analytical proof of the NLO expansion of the anomalous
dimension at strong coupling, based on the numerical insight described in section [fl. A few
appendices are devoted to various technical problems and proofs.

2. The BES integral equation for the su(1|1) sector

The integral equation for this sector has been derived in [[[4] and reads
p(t)=e" {Jo(29t) —2g%t / dt' [Km(29t,29t") +4Ka(2gt,2g1")] p(t/)} (21
0

where p(t) is essentially the Fourier transform of the first-level Bethe roots. The explicit
expression of the main kernel K, is

Ji(t) Jo(t') — Jo(t) J1(t)

Km(tvt/) = KO(tvt/) + Kl(tvt/) =

¢ )
Kot ) = L0 Jo(tg - zino(t) L) .
K\(t, t/) _ t' J1(t) Jo (;f;)_—tgjo(t) Ji (t’)'

The various terms admit the following Neumann expansion in series of Bessel functions

2
K(](t, t/) = ﬁ (2’1’L — 1) Jo n—l(t) Jo n—l(t/),
n>1
2
Ki(t.t) = 25> 20 Jan(t) Jan(t), (2:3)
n>1
A i /
Ku(t,t) = tt,%an(t) Tn(t').



The dressing kernel is

o0 t//
Kq(t,t) = 44° / dt" Kq(t,2gt") ] Ko(2gt",t), (2.4)
0 e -
and admits the Neumann expansion
8n(2m —
=3y —— vy Z2n2m 1 J2n(t) J2m—1(t), (2.5)
n>1m>1
where the coupling dependent matrix Z, ,(g) is
*dt Jn(2gt) Jm(2g1)
Znm(g) = — . 2.
le) = [ G (26)

Unfortunately, as far as we know, this integral cannot be computed in closed form. Its
accurate numerical evaluation is discussed in appendix ([A]).

Given the solution of the integral equation eq. (R.1), the anomalous dimension of
the su(1|1) operator O = Tre” divided by the operator length can be computed in the
thermodynamical limit as

N )
Jim — = 297 E(g), (2.7)
where 7
t)
) =4 y 11291 2.
[ a2 280 o (2.9

The full anomalous dimension is obtained by adding the classical +3/2 contributions, the
bare dimension of Tr" divided by L

2.1 Weak coupling expansion of the integral equation

The perturbative expansion of p(t) for small g can easily be obtained as discussed in [[[4].
The initial terms are

1
p(t) = e‘t{l —t(1L+1)g" + (7 + 20— 2t +16) g + (2.9)
1
et 38— 61 T8I~ 1800+ 288Gyt + 1044) ¢° +}
and the associated energy F(g) reads

E(g) = —%(1 +0(0)=2-8¢%+58¢" — (518 +32¢3) g% +--- . (2.10)

3. The equivalent linear problem

We introduce the new function o(t) = e! p(t) obeying the equation

o(t)=Jo(2gt) — 2¢%t / dt' [Km(th,th') —|—4Kd(2gt,29t')] et a(t), (3.1)
0



and expand it in Neumann series

o(t) =) Ju(2gt)on, oo =1. (3.2)

The anomalous dimension is simply

A
lim —=—4 . .
P = e (33)
The integral equation can be written

> Jn2gt)on = Jo(298) = Y > mIm(29t) Winp o (3.4)

n>0 m>1 n>0

—16 Z sz(ﬂl —1)Jom(29t) Zom2k—1 Wak—1,n On,

m>1k>1n>0

where

Wam(g) = /0 Cit 29D T () T (t). (3.5)

This integral can be evaluated in closed form with the result

I'(n+m) "
F'n+1)T'(m+1)

1 1 1 1
« oFs <2(n+m),2(n+m+1),2(n+m+1),2(n+m+2);_16g2>'

Wn,m(g) = 9n+m

n+1lm+1,n+m+1
We can split eq. (B.4) into the following two equations valid for m > 1

Oam = —2m Y Womnon—16m Y 2k —1) Zymaor Wak-1n0n,  (3.7)
n>0 k>1
n>0

somet = ~@m—1) X Wam-10m
n>0

The second equation can be replaced in the first obtaining our final form for the linear
system equivalent to the BES integral equation

Exact linear problem.

Oom = —2m Zng,n on +16m Zzzm,zk—l O2k—1, (3.8)
n>0 k>1
ot = —@m 1) Y Wan 1o
n>0

3.1 Weak coupling expansion of the equivalent linear problem

As a check we can recover from the linear problem eq. (E) the weak coupling expansion
of the energy. We start from the easy expansions

Znm = O(g n+m) Whm = O(gn+m)7 (3.9)



finding for instance

Zoa=C39° =106 9" +105¢ 9"+, Wig=g—3¢>+20g°+---, (3.10)
Zo3=2(59"—35Crg" + -, Wii=g>—6g"+50g°+---, (3.11)
Zr5 =3G9+, Wiz =g"—10g" +1059"+ - . (3.12)

Then, we expand the linear system with the position

020 =Y 0L PP oana = 00 g (3.13)
p=0 p>0

under the condition o9 = 1. We immediately find

o1 = —g+4g°—29¢" + -+,

oy = —¢>+ (10 — 16 (3) g + (=100 + 64 (3 + 160¢5) g% + - - -, (3.14)
o3 = —¢g>+18¢° —240¢" +-- -,

oy = —g*+ (28 —32(5) g% + (—482 +128¢5 +672¢7) g% + -+,

which reconstructs the previous expression of o(t) order by order in g2.

3.2 Basso-Korchemsky zero-mode formulation

Let us derive zero-mode equations in the spirit of [B1f]. We split

o(2g9t) = 04(2gt) +0-(291),

o1 (2gt) = Jo2gt) + > Jan(2gt) o2, (3.15)
n>1
o_(2gt) = ZJzn—l(Qgt)@n—l-
n>1

If n and m are positive and have the same parity, then we have

e dt 1
|50 It = 5 0m (3.16)

From this relation and the definitions of W and Z it is straightforward to derive the
following equations (n > 0 in the first one)

*dr 1 . 4
/0 7J2n(7){0+(7)+§€ /(29)(U+(7)+U—(7))—mg—(ﬂ}=0=

[ ) {4 4 o) 4o} = 0. 347

Hence,

o l1) + 3¢ V(o (1) F o (1)~ o () = xi (), (318)

7+ 2T o (1) + 0 (7) = x-(1),



where x4 (7) are the most general solutions of the equations

/Ooo ‘ZT—TJM(T) Na(F) =0, (n>0) (3.19)

/OOO d?TJQn_H(T) X— (T) =0. (320)

As in the case of the sl[(2) sector, these zero-mode equations admit many solutions and
one must find a way to fix their contributions. In this paper, we focus on the next-to-
leading solution of the integral equation and shall not discuss in details the zero-mode
equations. Notice that this is already a non-trivial task since the non-homogeneous piece
in the integral equation gives only 04 (0) = 1 and it can be seen that the normalization of
o_ is not fixed by the zero-mode equations. It must be found from the integral equation,
or the equivalent linear problem.

4. Next-to-leading order linear problem

Following the approach in [R§], it will be very convenient to study an approximation to the
exact linear problem eq. (B.§). This is obtained by replacing the integrals Z and W by the
first terms of their asymptotic expansions. We choose the following level of approximation

1
Zn,m(g) = ngL,m - 5 Wfl;,m e (41)
Wn,m(g) = eri,m ey

where
1
,k=m
, 1 2m—1 Lo
2m2k-1= 7~ . : (4.2)
k= 1
omy1 oMt
and
1
¢ > dt 2n’ e
0 2sin((n —m)%)
-, n#m

T n?2—m?2

This approximation will be denoted as next-to-leading order (NLO). The reason is that
the strong coupling expansion of Z and W goes in inverse powers of g times logarithms,
whereas the natural expansion parameter for the anomalous dimension is supposed to be
1/,/g, with possible logarithmic corrections.

Thus, at NLO, the exact linear problem eq. (B.§) can be written in the following form
(m > 1 in the first equation and m > 0 in the second one)
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Figure 1: Convergence of the solution o; of the exact linear problem eq. (@) as the number of
truncated modes N is increased. The convergence is clearly slowing down as the coupling increases.

NLO linear problem.

3 y) 02m—1 02m+1
3 02m = —10m §W2m,2n+l O2nt1 +4y9 <2mm_ Tt 2mm+ 1) (4.4)

3
9 %2m+l = —(2m+1) ZWZZm-i-lQnUQN'

n>0

Before attempting an analytical study of this problem, let us present a numerical

investigation of the exact and NLO linear problems.

5. Numerical analysis of the linear problems

5.1 Strong coupling expansion of the anomalous dimensions

As a first step, we have studied numerically the exact linear problem eq. (B.§). To this aim,
we have truncated the mode expansion up to N modes and have studied the convergence
of the solution with increasing N at various couplings g. Examples are shown in figure [I.

A better behavior is obtained by studying in the same way the NLO linear prob-
lem eq. ([4). This is nice as illustrated in figure B, but what is the accuracy of the NLO
approximation ? Reasonably, it should work well for large g at least with the aim of
reproducing the NLO expression of the strong coupling expansion. This assumption is
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Figure 2: Convergence of the solution of the NLO linear problem eq. (@) as the number of
truncated modes N is increased. The convergence slowing down is not is real problem even at
rather strong values of the coupling.

explicitly tested in figure J. As the figure shows, the agreement between the exact and
NLO calculations is quite good in the considered range.

Given these positive results, we have attempted to extract the strong coupling expan-
sion of the energy density by a numerical fit of the NLO solution at quite large values of

1/2

g. The analysis is shown in figure . The leading term ~ ¢'/? is evident. The functional

form that we have chosen and which is rigorously suitable for the NLO problem is

. A 3 log ¢ 1
lim — = /2 - = — e 1
Jim — Tgey 202+ N Cg+\/§C4+ (5.1)
The best fit gives
lep — 1], Jeg — 1] ~ 1077, (5.2)

3

strongly supporting the prediction in [Bd]

A
lim—:\/27rg—g+---. (5.3)

L—oo L

In particular, we have recovered the intriguing cancellation of the classical +3/2 contribu-
tion.

The next corrections are definitely beyond the reach of the NLO approximation and
must be extracted from the solution of the ezact linear problem eq. (B.§), although the N

— 10 —
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Figure 3: Comparison between the solutions of the exact linear problem eq. (@) and its NLO
approximation eq. (@) For all values of the coupling, the number of truncated modes N has been
increased up to convergence.

dependence requires to push the exact calculation to quite large g. We have worked up to
g = 180 which is rather challenging from the computational point of view. The solution of
the exact linear problem is well fitted by the following terms

A 12(1) 1 28(1
lim —:,/27rg—g+0 0 Of/ngO M 4., (5.4)

as illustrated in figure j.

The agreement is rather remarkable, although we are using a simple two-parameter fit.
Of course, the logarithmic NNLO term deserves special attention. For instance, it appears
to be absent in the s[(2) sector. Therefore, despite the good numerical evidence, we prefer
to be conservative and we do not exclude the possibility that it could be a numerical fake.
For instance, it could be due to fitting over a too narrow range of values of the coupling g.
As another possibility, it could mimick a non-perturbative contribution once the log-free
perturbative tail is subtracted. In conclusion, we believe that additional numerical study
at larger g would be important to assess the NNLO corrections in eq. (p.4) in a firm and
safe way. This is a worthwhile issue in order to exclude possible order-of-limits problems
in comparing semiclassical string theory calculations against BES-like integral equations.

5.2 Shape analysis
It is interesting to analyze the shape of the solution of the NLO problem at various g. This

— 11 -
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Figure 4: Analysis of the leading and subleading strong coupling expansion of the energy density
from the numerical solution of the NLO linear problem eq. ([i.4).

can be done by plotting at increasing N the even and odd parts of o, after multiplication
by a trivial alternating sign, i.e.

even part : (—1)" ogp, (5.5)
odd part : (—=1)" 02441-

The result is shown in figures (f, fi, §) for ¢ = 10, 100, 1000.

The conclusion is that the even/odd part of o, tends to smooth curves (apart from
the alternating sign) and a non-trivial scaling shape emerges. This is an important issue
that we can partially analyze quantitatively.

Indeed, from the numerics, it is natural to set

A 0-517?1—1—1
T = (1) @mA1) Do 4 P (5.6)

V9

Ooam = 0'5(21 +0(g71?).

Replacing this Ansatz into the second equation of eq. (f4) and using a(()o) =1 we find

— S &) =o0. (5.7)

Em+1? " & Cm+1) - (2n)? 2n

- 12 —
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Figure 5: Numerical fit of the NNLO correction to the strong coupling expansion of the anomalous
dimension. The best fit values of the two parameters are ag = 0.10(1) and a; = 0.28(1). These
numbers are basically unchanged if the first data points (at smaller g) are removed from the fit.
Also, the point with the largest g = 180 is very well reproduced by the best fit computed with the
points with g < 180. This is a check of the proposed functional form.

A simple solution, again well supported by the numerics, is
o) =2 (—1)™. (5.8)

The normalization of this contribution is fixed and this is not surprising since it is related
to the normalization o1 (0) = 1 in the zero-mode formulation. Instead, things are quite
different for the odd part.

Replacing eq. (b.§) into the first equation of eq. (4) we get

(1) (1)
3 m 92m+1 92m—1
—-2(-1)" =4 — . .
2 (=1) <2m +1 2m-—-1 (5.9)
The general solution is
(1) m 3
Ogyme1 = (1) (2m +1) g(2m +1)+a), a, constant. (5.10)

It depends on an arbitrary constant a which is not fixed in this naive expansion. In

- 13 —
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conclusion, we have obtained the following expansion
oom = 2(=1)" 4| (5.11)

Grmir = (1™ (2m + 1) [%+§ (Gemenra)+],

where A and a are not determined.
This indetermination is clearly related to the zero-mode contributions in the zero-mode
formulation. Summing at this order the functions o4 (7) (7 = 2g¢t) we find the results

oy(T) =cos T+, (5.12)

1 A 3
o_(1) = §TJO(7') <%+§> +@T cos T+---,

which satisfy the leading order zero mode equations. The first term in the second equa-
tion contains the zero-mode x_ = 7 Jy(7) with a basically undetermined coefficient plus a
contribution which is inherited from the even leading zero mode x4 = cos 7 whose normal-
ization is fixed by o4 (0) = 1.

5.3 Scaling

We now ask ourselves the basic question whether it is possible to derive analytically the

A:—\/g, a=0, (5.13)

results
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Figure 7: Shape of the NLO solution at g = 100 as the mode cut N is increased.

which are required to reproduce the observed strong coupling expansion of the anomalous
dimension at next-to-leading order.

A simple way to achieve this result is based on the above remarks about scaling. Our
expansion for the odd subsequence 03,11 can be written in the following suggestive form

2
m+3 3 [(m+3 2a m+ 3
)™ oy =24 ——=2 + 2 2| +=—= 24 5.14
G Vi 2<¢§ NN (o1

1
This means that if we take the limit g — oo with fixed x = "3 we find

N

(=)™ oymy1 = F(z) = FO(z) + L FO@) 4.

V9

FO () :2Aw+gx2+---, (5.15)

FO@) =2az+--- .

This result is numerically tested in figure [JJ. Hence, the desired coefficients A and a can be
extracted as

1 F O 1 O
Azl @) = i (@) (5.16)
220 2x 220 2x
We now illustrate a way to compute the functions F(©) and F(!) with the required accuracy.
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Figure 8: Shape of the NLO solution at g = 1000 as the mode cut NV is increased.

6. The shape equation in the continuum limit

Let us define for n > 0

O9p = (—1)” 2 O2n+1 = (—1)” 2, . (6.1)

n

The NLO linear problem can be written

z- Z
Sk =-10 | m___ _‘ml > 1
5% mZ Cntl (2m)2Z”Jr g<2m—|—1 2m—1>’ me=n
3 2 1
S —m+1) S 2 + > 0. 6.2
5 om = (2m+ )§w(2n)2—(2m+1)22"’ = (62)

The second equation can be inverted by using the result

T n=0
16p27 n=2yu,
Y 1 _ . (6.3)
77 2m+1)2—(2p)2 2m+1)2—(2n)? P
m=0 —, n>0,
32 p?

The exchange of summation is safe due to the asymptotic properties of z, as can be checked
a posteriori on the numerical solution. We obtain
2 —
+ _

48 p Zm,
g=24+= ) - : (6.4)
T 2p)2—-2m+1)22m+1
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Figure 9: Scaling analysis. Odd part of the NLO solution at g = 1000. The numerical shape is
compared with the analytical result eq. () with the correct choice eq. ()

Replacing in the first equation of eq. (6.3) and setting

we arrive at the single equation

8 48 p? 40 v 2m+1
_ — & )= = m m_2: 5
59 &) = mz>0 P~ Cm 12" T B mz>0 @7 - Em 17 ’

(6.6)
where o = 1. The reason for introducing this parameter is that it will be irrelevant to the
aim of computing the constant A. Therefore we shall be able to choose it in an optimal
way. At the numerical level, we can solve eq. (6.6) by imposing as usual the condition
én = 0 for some large N to be increased up to convergence. In figure [lq we show the
solution for four values of a (including the original o = 1) at g = 100 with N = 600 modes.
As one can see, the curve for &, starts at the same value.

By the way, we immediately see that the determination of the constant A in eq. (p.13)
is non trivial. The problem eq. (p.6) is solved with the boundary condition &, — 0 for
n — oo. This position produces a unique solution and a non ambiguous prediction for &
which depends non-locally on the whole solution.

The rigorous proof of independence on « is illustrated in appendix (B) where it is
shown to hold at least in the range 0 < a < 9/5 which includes the default value o = 1.
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Figure 10: Independence of &y on the parameter o appearing in eq. (@) The four curves are all
obtained with ¢ = 100 and N = 600.

Due to this remarkable feature we can make the easiest choice o = 0 and consider the
simplified problem

S0 -2y s € —2=0 (67)
39N T T L g = @m0z T '

We repeat that this problem is well posed in the following sense: We truncate the sequence

{&m} to 0 < m < N and impose {5 = 0. The above linear problem has a unique solution

with a definite point-wise limit as N — oo.

6.1 Continuum limit

Based on the numerical analysis, we define the continuum limit of eq. (.7) by setting
x = p/,/g and assuming the following scaling form valid at fixed x and large g

@z%f(“éﬂ)w', (6.9)

where f is a suitable smooth function. The half-integer shift in the argument of f is
important. Indeed, the results of appendix ([J) imply that
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(i) f(x) obeys the following Cauchy integro-differential shape equation

o0 1'2
f’(m)—%]{) mf(y)dy—z =0, (6.9)
f(400) =0, (6.10)

The relation between f(z) and F()(z) defined in eq. (5.17) is

(0)
fla) = =, (6.11)

!

and therefore A = £(0). Notice also that the shape equation immediately implies
¢(0) = % under very mild assumptions on its solution. This is in agreement with
the second term in F(©(z). The solution of the shape equation is invariant under
constant shifts & — £ + constant. This freedom is fixed by the condition £(400) = 0.
An equivalent form of the shape equation is easily obtained by manipulating the
principal integral arriving at

00 2
F@) - 5= = fdy =0 (6.12)
b () da = —%, (6.13)

0
f(4o0) = 0, (6.14)

where now the (homogeneous) first equation has a rescaling freedom which is fixed
by the area constraint in the second line.

(ii) the corrections to eq. (6.§) are O(1/g), i.e.

gp:% [f<p4:/1§/2>+$f(1) <]L\/;/2>+---] (6.15)

This immediately implies that F(1)(z) = 0 and therefore a = 0 which is the second
part of eq. (F.13).

To summarize, we have shown that the NLO expansion of the anomalous dimension can
be proved analytically if we are able to show that the solution of the shape equation eq. (.9)
satisfies

F0) = —/=. (6.16)

This will be proved in the next section. Later, we shall derive additional more complete
information about the function f(z).
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6.2 The value f(0) =

The value f(0) can be computed even without knowing the complete solution. To this aim,

we write
/ - 9 o y2
f (:E) - 27 0 sz 2 f( )
_ 9 m2y-+@ —y) (2 — ¢?)
-1 - Fw)dy

:%fi;%f ——/f (6.17)

Using the known area constraint in eq. , we find

fa) =L ]1 - “’2 fw)dy+ 2. (6.18)

ir 2

Hence, using f(+o00) = 0, we get

F(0)? = - /0 T (@) da

_ / " F@) £(0) da
S dxf'dyn+y (@f@}—%%ﬁf@ﬁm. (6.19)

The first term vanished by antisymmetry x < y. The exchange of a standard integral and
a principal value integral is allowed by the results of [i(jj. Using again the area constraint,
we find

fop=-2(-5) =% —  jo=—/% (6.20)

As a comment, we remark that this result can also be obtained directly from the discrete
equation eq. (p.7). The method is analogous to the above derivation. We multiply by
&p+&p—1 and take a sum over p. After symmetrization of the double sum, one easily proves
the above boundary value as the truncation number N — oc.

6.3 Complete solution of the shape equation

A canonical form is obtained by scaling z = % x and setting f <§ z) = h(z). It reads

m@—lfw—ﬁiwmmw:o (6.21)
T Jo 22— w? ’

/0 h(z)dz = W (6.22)

h(+o0) = 0. (6.23)

To solve the shape equation in canonical form we follow the methods of [£J]. We change
variable and define h(y/u) = g(u). In the new variable u, the equation reduces to
1 [* Vi

g (u) — yp= g T—3 g(ut)dt. (6.24)
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The Mellin transform [{]]
i) = [ gt du (6.25)
0
has fundamental strip (0,1) and obeys the difference equation

9(s)
g(s —1)

The solution which is associated with a g(u) regular in © = 0 and vanishing for u — oo is

=—4(s—1) cot 7s. (6.26)

easily shown to be
g(s) = 4°T(s) D(—s) k, (6.27)

where k is a constant to be determined by the area constraint (or equivalently by the
condition on f’(0)). The function ®(s) is the ratio

G(1-35)G(3 +5)

*) = Gt G(L—s) (6.28)
where G(z) is the Barnes G-function discussed for instance in [id] and defined as
G(z+1) = (27)*/? exp (—% z(z+1) — %VE z2> }:Il (1 + %)n e‘”é. (6.29)
It obeys in particular
G(z+1) =T(2)G(»), (6.30)
G(1) =1,

from which it is easy to prove that the difference equation is satisfied. Useful properties of
the ratio ®(s) are the infinite product expression

< (-8 (14 2p)

=l (-21)"

(6.31)

the functional relations

B(s) = D(—s %) — ®(s— 1) tan 7 s, (6.32)

and the expansion in s =0

@(s)zﬁ[1+s+<1+7§>Z—j+<1+176ﬂ2>§—?+---]. (6.33)

From these relations we can look at the poles for negative half-integer s and for posi-
tive integer s and use the known properties of the Mellin transform to derive asymptotic
expansions of g(u) around v = 0 and u = +o00. The result is

1 11 —
k1l g(u) = Vi —ul? P2 <—6— log u + %) +Ou®? log? u), (6.34)
s
41 16 1

_1 _
Rl = et R

(—log u+2log 2 —vg) + O(u~3 log? u).
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Figure 11: Comparison between the solution of the NLO linear problem at o = 0 and the asymp-

totic expansion of the shape equation at x = 0 and +o0o. The first curve is obtained with g = 100
and N = 600.

Taking x = —v/2/4 we recover the correct expansion
T 3
= . /=4 = e 6.35
@) =—\ 5+ 50+ (6.35)

As an additional check of the solution, we can evaluate the area constraint finding again
agreement

[ s =33(5) = ¢t rro e -

8 s—1/2

_ V2 _ T
=5 2T VE= -

A numerical comparison of the above asymptotic expansions with the numerical solution
of the shape equation is illustrated in figure [L1].

7. Conclusions

In summary, we have considered the BES-like equation describing the anomalous dimen-
sion of highest states Tre* in the su(1|1) sector for L — oo proposed in [[[4]. We have
followed the approach pioneered in [R§, Rf] for the s[(2) twist operators. It is based on
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the Neumann expansion of the Fourier transformed Bethe root density. Although many
technical differences arise, we have been able to analytically derive the next-to-leading
order expansion of the anomalous dimension at strong coupling. Some interesting infor-
mation on the NNLO terms is also presented based on numerical calculations only. Our
results reproduce at leading order the result already discussed in the literature, although
with different methods. At next-to-leading order, we find agreement with the proposal
in [Bq]. Besides, several specific interesting features appear. In particular, at NLO we have
found and solved a singular integral equation describing the scaling continuum limit of the
Neumann coefficients.
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A. Numerical evaluation of Z,, ,,,(g)

A simple strategy to numerically evaluate Z,, ,,(g) with arbitrary precision is based on the
exact splitting

N
cdt _, 2t e—(N+1)t/(29)
vam(g) = Z/O 76 ( +1)t/(29)Jn(t) Jm(t) +/0 TW Jn(t) Jm(t) (Al)
n=0

The first finite sum can be computed in terms of the known function W, ,,(g) since

> dt
&t —n+1)1/(20) _ 9
/0 e Ja(t) T (t) = Wi (n i 1) . (A.2)

The second integral can be computed by splitting the integration interval in subintervals
separated by the roots of the product J,(t) Ji,(t). The resulting sub-integrals build an
alternating sum whose terms can be computed numerically without any difficulty. The
optimal value of N is N ~ g, but of course the result is independent on V.

B. On the a-independence

The shape equation for o = 0 is eq. (f.19) that we repeat for the reader’s convenience

00 2
/() 9]10 Y fy)dy=o. (B.1)

S or 2 — 92

If the parameter « is not zero, the same steps starting from eq. (6.6) give a similar result
with the simple substitution in the numerator of the integral

5
y? — y? - By, f=go (B.2)
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We now show that for 0 < § < 1 the first two terms in the asymptotic expansion of f(x)
around x = 0 do not depend on a.

To this aim and with the notation of section . we immediately find that eq. (6.26)
is replaced by

g(s) 1
§(Z—1):_4(8_1 tan ms+ [ cot TS (B-3)
Setting
9(s) = £ 4°T(s) go(s), (B.4)
we find _
gols)  _ 1 (B.5)

Go(s—1) tanms+ B cotms
From now on, let us consider the case 0 < 3 < 1. The zeroes of the denominator of the
right hand side are located at the positions

sp, =nxia, n € 7, (B.6)
1

a = —arctanh\/ﬁ.
T

Looking at the zeroes and poles (with their order) of a gy which is regular in the fundamental
strip 0 < s < 1 we find the solution

G(1—s) GE—s) GA+ia+s) G(1—ia+s)
G(l+5s) G(3+s) GA+ia—s) G(1—ia~—s)

go(s) = (cosh 7 a)?®. (B.7)

where G(s) is the Barnes G-function introduced in section [6.J. The analytic structure is
manifest in the Weierstrass infinite product form which is

S
1_%1_@1+n-ﬁia1+n—sia (B8)
L+ 51+ 21— 2 1= 7 ’

% n—ia n+ia

Go(s) = /7 (cosh mwa)?® H

n>1

The area constraint and the asymptotic expansion of g(s) have a a-dependence which is
all contained in the factor

p(s,a) = gg izz—l_z; gg : zztz; (cosh ma)?®. (B.9)

The area constraint on the total integral fooo f(x)dx is a-independent since

LA GBE +ia) G(E —ia)
p<2’ > T G tia) G —ia)

cosh ma =

1 1
:F<§+ia>F<§—ia> cosh ma = . (B.10)

The coefficients of the leading and subleading terms of f(x) for small z are also a-
independent since they are proportional to

pO.a) =1, p <—%,a> _ % (B.1)
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Finally, the next correction does depend on a since

p(—1,a) = % tanh?(ma) = § (B.12)

As a final remark, we notice that the a-independence of f(0) can be proved easily using
the method of section [6.9, assuming always f(+o0) = 0. Indeed the a-term just add a zy
contribution to the numerator in the double integral appearing in eq. (f.19). Since this is
symmetric under x < y, the proof valid for o = 0 is completely unchanged.

C. Detailed continuum limit of the shape equation

Let us consider eq. (B.7) with the position p = x./g and §, = % f (pJ:/lg/2>. We shall

analyze the large g expansion at fixed z for the two terms of eq. (6.7) to next-to-leading
accuracy. The finite difference is immediately expanded and gives

06— 1) = Fx) + ﬁ (@) + 0(1/g?). (1)

The infinite sum is more complicated. We use the Euler-MacLaurin formula

b
> F(m) = bF(m) dm + L@ FFO) > B [F@k-l)(b) — FCED(@g) ], (C.2)

= a 2 = (2k)!
where ) .
m) — (2p) 1 [mts
Fm) <2p>2—<2m+1>2¢§f< Vi ) ()

It is convenient to split the infinite sum in order to easily display the appearance of a
principal value at leading order. Thus, we write

p—1 o)
S=>"F(m)= <Z+Z> F(m). (C.4)
m=0 m=p,

m>0

Applying the Euler-MacLaurin formula we get

p=b oo F Flp—1)+F
5:</ +/ >F(m)dm+ 0+ (p2 )1 FW)  p (C.5)
0 p
where R, is the sum involving higher odd derivatives of F'. The two integrals can be written
p—1 00 x‘# > x?
0 P 777 :c—i—m Y
© a? —2f(0) — f(z) + 2z f'(z) 1
= _ d - .
F o fan+ el ro(3)
The other two terms in the right hand side of eq. (C.5) have the expansion
_ _ /
RO P+ P0) 21 2 o (1) (o
2 4./9 g
R, =0 (;) . (C.8)
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In conclusion, summing the various terms, we find

00 2
1
SZZF(m):][ mf(y)dy+0<—>a (C.9)
m>0 0 Yy g
with complete cancellation of the 1/,/g correction.
References
[1] J.A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP 03

(2003) 019 [rep-th/0212204)].

2]

N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain,

670 (2003) 439 [hep-th/0307042.

N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super
Yang-Mills theory, [Nucl. Phys. B 664 (2003) 131 [hep—th/0303060].

J.M. Maldacena, The large-N limit of superconformal field theories and supergravity,

Theor. Math. Phys. 2 (1998) 231| [Int. J. Theor. Phys. 38 (1999) 1113 [hep-th/971120(].

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical
string theory, [Phys. Lett. B 428 (1998) 109 [hep-th/9802109|.

E. Witten, Anti-de Sitter space and holography, [Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/980215(].

I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdSs x S° superstring,

Rev. D 69 (2004) 046009 [hep-th/0305114].

N. Beisert, B. Eden and M. Staudacher, Transcendentality and crossing, {J. Stat. Mech

(2007) P01021| [hep-th/0610251].

C.G. Callan Jr. et al., Quantizing string theory in AdSs x S°: beyond the pp-wave,

Phys. B 673 (2003) 3 [hep-th/0307037]. C.G. Callan Jr., T. McLoughlin and I. Swanson,

Holography beyond the Penrose limit, |Nucl. Phys. B 694 (2004) 115 [hep-th/0404007];
Higher impurity AdS/CFT correspondence in the near-BMN limit, [Nucl. Phys. B 700 (2004)

271 [hep-th/0405159];

T. McLoughlin and I. Swanson, N-impurity superstring spectra near the pp-wave limit,

Phys. B 702 (2004) 86 [hep—th/0407240).

[10]

G. Arutyunov, S. Frolov and M. Staudacher, Bethe ansatz for quantum strings, JHEP 10

(2004) 01 [hep-th/040625§].

[11]

R. Hernandez and E. Lopez, Quantum corrections to the string Bethe ansatz, [JHEP 0

(2006) 004 [hep-th/0603204].

[12]

[13]

N. Beisert, R. Hernandez and E. Lopez, A crossing-symmetric phase for AdSs x S® strings,
[JHEP 11 (2006) 07() [pep-th/0609044].

R.A. Janik, The AdSs x S® superstring worldsheet S-matriz and crossing symmetry,

Rev. D 73 (2006) 08600] [hep-th/0603039).

[14]

A. Rej, M. Staudacher and S. Zieme, Nesting and dressing, J. Stat. Mech. (2007) P08006
[hep-th/0702151].

— 26 —


http://jhep.sissa.it/stdsearch?paper=03%282003%29013
http://jhep.sissa.it/stdsearch?paper=03%282003%29013
http://arxiv.org/abs/hep-th/0212208
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB670%2C439
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB670%2C439
http://arxiv.org/abs/hep-th/0307042
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB664%2C131
http://arxiv.org/abs/hep-th/0303060
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IJTPB%2C38%2C1113
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB428%2C105
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C253
http://arxiv.org/abs/hep-th/9802150
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C046002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C046002
http://arxiv.org/abs/hep-th/0305116
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0701%2CP021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0701%2CP021
http://arxiv.org/abs/hep-th/0610251
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB673%2C3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB673%2C3
http://arxiv.org/abs/hep-th/0307032
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB694%2C115
http://arxiv.org/abs/hep-th/0404007
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB700%2C271
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB700%2C271
http://arxiv.org/abs/hep-th/0405153
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB702%2C86
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB702%2C86
http://arxiv.org/abs/hep-th/0407240
http://jhep.sissa.it/stdsearch?paper=10%282004%29016
http://jhep.sissa.it/stdsearch?paper=10%282004%29016
http://arxiv.org/abs/hep-th/0406256
http://jhep.sissa.it/stdsearch?paper=07%282006%29004
http://jhep.sissa.it/stdsearch?paper=07%282006%29004
http://arxiv.org/abs/hep-th/0603204
http://jhep.sissa.it/stdsearch?paper=11%282006%29070
http://arxiv.org/abs/hep-th/0609044
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C086006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C086006
http://arxiv.org/abs/hep-th/0603038
http://arxiv.org/abs/hep-th/0702151

[15]

[16]

M. Staudacher, The factorized S-matriz of CFT/AdS, JHEP 05 (2005) 054
[hep-th/0412189].

N. Beisert and M. Staudacher, Long-range PSU(2,2|4) Bethe ansaetze for gauge theory and
strings, [Nucl. Phys. B 727 (2005) 1| [hep-th/0504190;

N. Beisert, The analytic Bethe ansatz for a chain with centrally extended SU(2|2) symmetry,
|J. Stat. Mech. (2007) P01017 [p1in/0610017].

A.V. Belitsky, A.S. Gorsky and G.P. Korchemsky, Logarithmic scaling in gauge/string
correspondence, [Nucl. Phys. B 748 (2006) 24| [hep-th/0601112).

L.F. Alday and J.M. Maldacena, Comments on operators with large spin, UHEP 11 (2007)

019 [arXiv:0708.0674].

G.P. Korchemsky, Asymptotics of the Altarelli- Parisi-Lipatov evolution kernels of parton
distributions, [Mod. Phys. Lett. A 4 (1989) 1257

G.P. Korchemsky and G. Marchesini, Structure function for large x and renormalization of
Wilson loop, Nucl. Phys. B 406 (1993) 225 [hep-ph/9210281].

A.V. Kotikov, L.N. Lipatov, A.I. Onishchenko and V.N. Velizhanin, Three-loop universal
anomalous dimension of the Wilson operators in N =4 SUSY Yang-Mills model,

B 595 (2004) 521 [Erratum ibid. 632 (2006) 754] [hep-th/0404093;

[23]

S. Moch, J.A.M. Vermaseren and A. Vogt, The three-loop splitting functions in QCD: the
non-singlet case, |[Nucl. Phys. B 688 (2004) 10]| [hep-ph/0403192]. Z. Bern, L.J. Dixon and
V.A. Smirnov, Iteration of planar amplitudes in maximally supersymmetric Yang-Mills theory

at three loops and beyond, |Phys. Rev. D 72 (2005) 085001| [hep-th/0505204].

Z. Bern, M. Czakon, L.J. Dixon, D.A. Kosower and V.A. Smirnov, The four-loop planar
amplitude and cusp anomalous dimension in mazimally supersymmetric Yang-Mills theory,
|Phys. Rev. D 75 (2007) 08501(] [hep-th/0610244];

F. Cachazo, M. Spradlin and A. Volovich, Four-loop cusp anomalous dimension from
obstructions, [Phys. Rev. D 75 (2007) 105011| [hep-th/0612309].

S.S. Gubser, L.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string
correspondence, |[Nucl. Phys. B 636 (2002) 99 [hep—th/0204051];

S. Frolov and A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdSs x S°,
JHEP 06 (2002) 007 [hep-th/0204226];

R. Roiban, A. Tirziu and A.A. Tseytlin, Two-loop world-sheet corrections in AdSs x S°
superstring, JHEP 07 (2007) 056 [arXiv:0704.363§];

R. Roiban and A.A. Tseytlin, Strong-coupling expansion of cusp anomaly from quantum
superstring, UHEP 11 (2007) 016 [prXiv:0709.0681].

I. Kostov, D. Serban and D. Volin, Strong coupling limit of Bethe ansatz equations,

Phys. B 789 (2008) 413 [hep-th/0703031.

M.K. Benna, S. Benvenuti, I.R. Klebanov and A. Scardicchio, A test of the AdS/CFT
correspondence using high-spin operators, [Phys. Rev. Lett. 98 (2007) 131609
[hep-th/061113§).

L.F. Alday, G. Arutyunov, M.K. Benna, B. Eden and I.R. Klebanov, On the strong coupling
scaling dimension of high spin operators, JHEP 04 (2007) 082 [hep-th/070202§].

A.V. Kotikov and L.N. Lipatov, On the highest transcendentality in N = 4 SUSY,

Phys. B 769 (2007) 217 [hep-th/0611204].

— 27 —


http://jhep.sissa.it/stdsearch?paper=05%282005%29054
http://arxiv.org/abs/hep-th/0412188
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB727%2C1
http://arxiv.org/abs/hep-th/0504190
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0701%2CP017
http://arxiv.org/abs/nlin/0610017
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB748%2C24
http://arxiv.org/abs/hep-th/0601112
http://jhep.sissa.it/stdsearch?paper=11%282007%29019
http://jhep.sissa.it/stdsearch?paper=11%282007%29019
http://arxiv.org/abs/0708.0672
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA4%2C1257
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB406%2C225
http://arxiv.org/abs/hep-ph/9210281
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB595%2C521
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB595%2C521
http://arxiv.org/abs/hep-th/0404092
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB688%2C101
http://arxiv.org/abs/hep-ph/0403192
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD72%2C085001
http://arxiv.org/abs/hep-th/0505205
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C085010
http://arxiv.org/abs/hep-th/0610248
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C105011
http://arxiv.org/abs/hep-th/0612309
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB636%2C99
http://arxiv.org/abs/hep-th/0204051
http://jhep.sissa.it/stdsearch?paper=06%282002%29007
http://arxiv.org/abs/hep-th/0204226
http://jhep.sissa.it/stdsearch?paper=07%282007%29056
http://arxiv.org/abs/0704.3638
http://jhep.sissa.it/stdsearch?paper=11%282007%29016
http://arxiv.org/abs/0709.0681
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB789%2C413
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB789%2C413
http://arxiv.org/abs/hep-th/0703031
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C98%2C131603
http://arxiv.org/abs/hep-th/0611135
http://jhep.sissa.it/stdsearch?paper=04%282007%29082
http://arxiv.org/abs/hep-th/0702028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB769%2C217
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB769%2C217
http://arxiv.org/abs/hep-th/0611204

[28]

[29]

[30]

M. Beccaria, G.F. De Angelis and V. Forini, The scaling function at strong coupling from the
quantum string Bethe equations, JHEP 04 (2007) 06 [hep-th/0703131].

P.Y. Casteill and C. Kristjansen, The strong coupling limit of the scaling function from the
quantum string Bethe ansatz, [Nucl. Phys. B 785 (2007) 1 [rrXiv:0705.089(].

A.V. Belitsky, Strong coupling expansion of Bazter equation in N =4 SYM, |Phys. Lett. B

659 (2008) 732 [rrXiv:0710.2294].

[31]

[35]

[36]

[37]

[38]

[39]

B. Basso, G.P. Korchemsky and J. Kotanski, Cusp anomalous dimension in mazximally
supersymmetric Yang-Mills theory at strong coupling, |Phys. Rev. Lett. 100 (2008) 091601
erXiv:0708.3939].

I. Kostov, D. Serban and D. Volin, Functional BES equation, prXiv:0801.2543.

G. Arutyunov and A.A. Tseytlin, On highest-energy state in the SU(1|1) sector of N = 4
super Yang-Mills theory, JHEP 05 (2006) 033 [hep-th/0603113].

S.S. Gubser, L.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string
correspondence, [Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

G. Arutyunov, S. Frolov, J. Plefka and M. Zamaklar, The off-shell symmetry algebra of the
light-cone AdSs x S° superstring, [J. Phys. A 40 (2007) 3583 [hep-th/0609157].

G. Arutyunov and S. Frolov, Uniform light-cone gauge for strings in AdSs x S°: solving
SU(1[1) sector, JHEP 01 (2006) 054 [hep-th/051020§].

M. Beccaria and L. Del Debbio, Bethe Ansatz solutions for highest states in N =4 SYM and
AdS/CFT duality, JHEP 09 (2006) 025 [hep-th/0607236].

M. Beccaria, G.F. De Angelis, L. Del Debbio and M. Picariello, Highest states in light-cone
AdSs x 8% superstring, JHEP 04 (2007) 034 [hep-th/0701167].

S. Ryang, Analytic Bethe ansatz solutions for highest states in the SU(1|1) and SU(2) sectors,
JHEP 05 (2007) 101 [nep-th/0703241].

F.G. Tricomi, Integral equations, Dover, New York U.S.A. (1957).

S. Friot and D. Greynat, Asymptotic expansions of Feynman diagrams and the Mellin-Barnes
representation, talk given at QCDO05: 12" International QCD Conference: 20 Years of the
QCD-montpellier conference, Montpellier France, 4-8 July (2005), [Nucl. Phys. 164 (Proc)

Suppl.) (2007) 199 [hep-ph/0510329]. P. Flajolet, X. Gourdon and P. Dumas, Mellin

[42]

[43]

transforms and asymptotics: Harmonic sums, Theor. Comp. Sci. 144 (1995) 1.

V.S. Adamchik, Contributions to the theory of the Barnes function, path.CA/030808€; On
the Barnes function, in Proceedings of the 2001 International Symposium on Symbolic and
Algebraic Computation, July 22-25 (2001), London, Canada, ACM, New York U.S.A. (2001),
lhttp://doi.acm.org/10.1145/384101.384104.

D.A. Spence, The lift coefficient of a thin jet-flapped wing. II. A solution of the
integro-differential equation for the slope of the jet, Proceedings of the Royal Society of
London Series A, Mathematical and Physical Sciences, Vol. 261, No. 1304 (Apr. 11, 1961) 97,
http: //www.jstor.org/stable/2413902.

— 928 —


http://jhep.sissa.it/stdsearch?paper=04%282007%29066
http://arxiv.org/abs/hep-th/0703131
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB785%2C1
http://arxiv.org/abs/0705.0890
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB659%2C732
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB659%2C732
http://arxiv.org/abs/0710.2294
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C100%2C091601
http://arxiv.org/abs/0708.3933
http://arxiv.org/abs/0801.2542
http://jhep.sissa.it/stdsearch?paper=05%282006%29033
http://arxiv.org/abs/hep-th/0603113
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB636%2C99
http://arxiv.org/abs/hep-th/0204051
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA40%2C3583
http://arxiv.org/abs/hep-th/0609157
http://jhep.sissa.it/stdsearch?paper=01%282006%29055
http://arxiv.org/abs/hep-th/0510208
http://jhep.sissa.it/stdsearch?paper=09%282006%29025
http://arxiv.org/abs/hep-th/0607236
http://jhep.sissa.it/stdsearch?paper=04%282007%29034
http://arxiv.org/abs/hep-th/0701167
http://jhep.sissa.it/stdsearch?paper=05%282007%29101
http://arxiv.org/abs/hep-th/0703241
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C164%2C199
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C164%2C199
http://arxiv.org/abs/hep-ph/0510323
http://arxiv.org/abs/math.CA/0308086
http://doi.acm.org/10.1145/384101.384104
http://www.jstor.org/stable/2413902

